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It is known (see, for example, [H. Render, Nonstandard topology on function spaces with
applications to hyperspaces, Trans. Amer. Math. Soc. 336 (1) (1993) 101–119; M. Escardo,
J. Lawson, A. Simpson, Comparing cartesian closed categories of (core) compactly generated
spaces, Topology Appl. 143 (2004) 105–145; D.N. Georgiou, S.D. Iliadis, F. Mynard, Function
space topologies, in: Open Problems in Topology 2, Elsevier, 2007, pp. 15–23]) that the
intersection of all admissible topologies on the set C(Y , Z) of all continuous maps of
an arbitrary space Y into an arbitrary space Z , is always the greatest splitting topology
(which in general is not admissible). The following, interesting in our opinion, problem is
arised: when a given splitting topology (for example, the compact-open topology, the Isbell
topology, and the greatest splitting topology) is the intersection of k admissible topologies,
where k is a ﬁnite number. Of course, in this case this splitting topology will be the
greatest splitting.
In the case, where a given splitting topology is admissible the above number k is equal to
one. For example, if Y is a locally compact Hausdorff space, then k = 1 for the compact-
open topology (see [R.H. Fox, On topologies for function spaces, Bull. Amer. Math. Soc.
51 (1945) 429–432; R. Arens, A topology for spaces of transformations, Ann. of Math. 47
(1946) 480–495; R. Arens, J. Dugundji, Topologies for function spaces, Paciﬁc J. Math. 1
(1951) 5–31]). Also, if Y is a corecompact space, then k = 1 for the Isbell topology (see
[P. Lambrinos, B.K. Papadopoulos, The (strong) Isbell topology and (weakly) continuous
lattices, in: Continuous Lattices and Applications, in: Lect. Notes Pure Appl. Math., vol. 101,
Marcel Dekker, New York, 1984, pp. 191–211; F. Schwarz, S. Weck, Scott topology, Isbell
topology, and continuous convergence, in: Lect. Notes Pure Appl. Math., vol. 101, Marcel
Dekker, New York, 1984, pp. 251–271]).
In [R. Arens, J. Dugundji, Topologies for function spaces, Paciﬁc J. Math. 1 (1951) 5–31]
a non-locally compact completely regular space Y is constructed such that the compact-
open topology on C(Y ,S), where S is the Sierpinski space, coincides with the greatest
splitting topology (which is not admissible). This fact is proved by the construction of two
admissible topologies on C(Y ,S) whose intersection is the compact-open topology, that is
k = 2.
In the present paper improving the method of [R. Arens, J. Dugundji, Topologies for
function spaces, Paciﬁc J. Math. 1 (1951) 5–31] we construct some other non-locally
compact spaces Y such that the compact-open topology on C(Y ,S) is the intersection of
two admissible topologies. Also, we give some concrete problems concerning the above
arised general problem.
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Let Y and Z be two spaces. If t is a topology on the set C(Y , Z) of all continuous maps of Y into Z , then the correspond-
ing space is denoted by Ct(Y , Z). A topology t on C(Y , Z) is called splitting if for every space X the continuity of a map
g : X × Y → Z implies that of the map ĝ : X → Ct(Y , Z) deﬁned as follows: for every x ∈ X , ĝ(x) is an element of C(Y , Z)
such that ĝ(x)(y) = g(x, y), y ∈ Y . A topology t on C(Y , Z) is called admissible if for every space X the continuity of a map
f : X → Ct(Y , Z) implies that of the map f˜ : X × Y → Z , where f˜ (x, y) = f (x)(y) for every (x, y) ∈ X × Y , or equivalently,
if the evaluation map e : Ct(Y , Z) × Y → Z deﬁned by relation e( f , y) = f (y), is continuous. (See [1,7,2].)
A subbasis for the compact-open topology on C(Y , Z) (see, for example, [7,1,2]) is the family of all sets of the form
(K ,U ) = { f ∈ C(Y , Z): f (K ) ⊆ U},
where K is a compact subset of Y and U is an open subset of Z .
A subset H of the set O(Y ) of all open sets of a space Y is called Scott open (see [11,4]) if (α) the conditions U ∈ H,
V ∈O(Y ), and U ⊆ V imply V ∈ H, and (β) for every collection of open sets of Y whose union belongs to H, there are
ﬁnitely many elements of this collection whose union also belongs to H.
A subbasis for the Isbell topology on C(Y , Z) (see, for example, [12,14,11]) is the family of all sets of the form
(H,U ) = { f ∈ C(Y , Z): f −1(U ) ∈H},
where H⊆O(Y ) is Scott open and U is an open subset of Z (see [13]).
A subset B of a space X is called bounded (see, for example, [13]) if every open cover of X contains a ﬁnite subcover
of B . A space X is called corecompact (see, for example, [11]) if for every open neighborhood U of a point x ∈ X there exists
an open neighborhood V ⊆ U of x such that V is bounded in the space U .
The notion of a consonant space were introduced in [5]. An equivalent deﬁnition for this notion is the following: a space
Y is consonant if and only if the compact-open topology coincides with the Isbell topology on C(Y ,S) (equivalently, on
C(Y , Z) for every space Z ).
A space Y is called Z-harmonic if the compact-open topology coincides with the greatest splitting topology on C(Y , Z).
If Y is Z -harmonic for every space Z , then Y is called harmonic (see [8]).
We recall the following well-known results concerning topologies on C(Y , Z):
(1) The intersection of all admissible topologies coincides with the greatest splitting topology (see, for example, [10,6,8]).
(2) The compact-open topology, denoted here by tco , is always splitting (see [1,7]) and in general does not coincide with
the greatest splitting topology (see [2]).
(3) For a Hausdorff locally compact space Y the compact-open topology is admissible (see [7,1,2]) and, therefore (as it is
observed in [2]), this topology coincides with the greatest splitting topology.
(4) The Isbell topology on C(Y , Z) is always splitting (see [13,15,14]). If Y is corecompact, then this topology is admissible
(see [15,13]).
(5) The Isbell topology on C(Y ,S), where S is the Sierpinski space (that is, S is the set {0,1} considered with the topology
{∅, {0,1}, {0}}), is admissible if and only if the space Y is corecompact (see [9,13,15]).
(6) In [2] a non-locally compact completely regular space Y is constructed such that the compact-open topology on C(Y ,S)
coincides with the greatest splitting topology (which is not admissible). This fact is proved by the construction of two
admissible topologies on C(Y ,S) whose intersection is the compact-open topology.
By the above results the following, interesting in our opinion, problem is arised: when a given splitting topology is the
intersection of k admissible topologies, where k is a ﬁnite number. Of course, in this case this splitting topology will be the
greatest splitting.
In Section 2 of this paper improving the method of [2] we construct some other non-locally compact spaces Y such that
the compact-open topology on C(Y ,S) is the intersection of two admissible topologies. In Section 3 we set some concrete
problems concerning the above arised general problem.
2. On the compact-open and greatest splitting topologies
Compact-Open-Base-spaces. Let ω be the ﬁrst inﬁnite cardinal and (i, j) ∈ ω × ω. In what follows, we denote by Q (i, j)
an arbitrary non-empty space with the property that the family of all compact and simultaneously open subsets of Q (i, j)
compose a base for the topology. It is considered that Q (i, j) ∩ Q (i′, j′) = ∅ if (i, j) 	= (i′, j′).
By Y we denote the set Y0 ∪ {∞}, where Y0 is the union of sets Q (i, j) and “∞” is a symbol. For every n ∈ ω we denote
by Vn the following subset of Y :
Vn =
⋃
{Q (i, j): i ∈ ω, j  n} ∪ {∞}.
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Q (i, j) , (i, j) ∈ ω × ω, and (β) in the case where ∞ ∈ V there exists n ∈ ω such that Vn ⊆ V . Clearly, the space Y is not
locally compact at the point ∞.
The above constructed spaces Y will be called Compact-Open-Base-spaces or brieﬂy COB-spaces.
By b0 we denote the family of all compact and simultaneously open subsets of subspace Y0 of Y .
Obviously, we have
(a) for each element B of b0 there exists a ﬁnite subset s of ω × ω such that
B ⊆
⋃
{Q (i, j): (i, j) ∈ s}, and
(b) the ﬁnite union of element of b0 is an element of b0.
The topologies t1 and t2 on C(Y ,S). For every n ∈ ω we set
An =
(⋃














{Q (i, j): i is odd, j  n}
)
∪ {∞}.
Also, we set A∞ = A′∞ = ∅.
We denote by t1 the topology on C(Y ,S) for which the family b1 consisting of all sets of the form(
An ∪ B, {0}
)≡ { f ∈ C(Y ,S): f (An ∪ B) ⊆ {0}}, n ∈ ω ∪ {∞},
where B ∈ b0, compose a subbasis.
Similarly, by t2 we denote the topology on C(Y ,S) for which the family b2 consisting of all sets of the form(
A′n ∪ B, {0}
)≡ { f ∈ C(Y ,S): f (A′n ∪ B) ⊆ {0}}, n ∈ ω ∪ {∞},
where B ∈ b0, compose a subbasis.
It is easy to verify that the families b1 and b2 actually compose bases for the topologies t1 and t2, respectively.
Lemma 1. The topologies t1 and t2 on C(Y ,S) are admissible.
Proof. We prove the lemma for the topology t1. It is suﬃces to prove that the evaluation map
e : Ct1 (Y ,S) × Y → S
is continuous (see [2]). We ﬁx a point ( f , y) of C(Y ,S) × Y and prove that e is continuous at this point. It is enough to
consider the case
e( f , y) = f (y) ∈ {0}.
First we consider the case y ∈ Y \ {∞}. In this case, y ∈ Q (i, j) for some (i, j) ∈ ω × ω. By continuity of f there exists an
element B of b0 such that y ∈ B and f (B) ⊆ {0}. Therefore, the set (A∞ ∪ B, {0}) is an open neighborhood of f in C(Y ,S).
Then,
( f , y) ∈ (A∞ ∪ B, {0})× B and e((A∞ ∪ B, {0})× B)⊆ {0},
which means that e is continuous at the point ( f , y).
Now, let y = ∞. Since f −1({0}) is an open subset of Y containing ∞, there exists n ∈ ω such that Vn ⊆ f −1({0}). Let
p ∈ ω such that Ap ⊆ Vn . Then,
( f ,∞) ∈ (Ap ∪ ∅, {0})× V p+1 and e((Ap ∪ ∅, {0})× V p+1)⊆ {0},
that is e is continuous at ( f ,∞). Thus, t1 is admissible. For the topology t2 the proof is similar. 
Theorem 1. For every COB-space Y , the compact-open topology on C(Y ,S) is the intersection of two admissible topologies on C(Y ,S).
Proof. We prove that tco = t1 ∩ t2, where t1 and t2 the above deﬁned topologies on C(Y ,S). The inclusion tco ⊆ t1 ∩ t2
follows immediately from the deﬁnition of t1 and t2. So, it is suﬃces to prove that t1 ∩ t2 ⊆ tco .
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W ∈ tco such that f ∈ W ⊆ U . Let f ∈ U . Since U 	= C(Y ,S), by the deﬁnition of the topology t1 there exists an element
(An0 ∪ B0, {0}) of b1 such that f ∈ (An0 ∪ B0, {0}) ⊆ U . Denote by χn0 the element of C(Y ,S) such that
χn0 (y) =
{
0, if y ∈ An0 ∪ B0,
1, if y ∈ Y \ (An0 ∪ B0).
Obviously, χn0 ∈ (An0 ∪ B0, {0}).
By the deﬁnition of the topology t2, there exists an element (A′n1 ∪ B1, {0}) of b2 such that
χn0 ∈
(
A′n1 ∪ B1, {0}
)⊆ U .
The deﬁnition of χn0 implies that
A′n1 ∪ B1 ⊆ An0 ∪ B0.
By the structure of the sets An0 and A
′
n1 , the last relation implies that n0 < n1.
By induction, we can construct a sequence
An0 ∪ B0, A′n1 ∪ B1, An2 ∪ B2, . . .
of subsets of Y , where B0, B1, . . . are elements of b0, such that for every i ∈ ω we have
(1) (An2i ∪ B2i, {0}) ⊆ U and (A′n2i+1 ∪ B2i+1, {0}) ⊆ U ,
(2) An2i+2 ∪ B2i+2 ⊆ A′n2i+1 ∪ B2i+1 ⊆ An2i ∪ B2i , and
(3) ni < ni+1.
Now, we consider the subset
K =
(⋃
{Bi: i ∈ ω}
)
∪ {∞}
of Y . By properties (2) and (3) we have that for every j ∈ ω there exists a ﬁnite subset s j of ω such that
K ∩
(⋃




{Q (i, j): i ∈ s j}
)
.
The last relation and compactness of the sets Bi imply that K is a compact subset of Y . Therefore, the set(
K , {0})≡ { f ∈ C(Y ,S): f (K ) ⊆ {0}}
is an element of tco . We prove that
f ∈ (K , {0})⊆ U .
Since, f ∈ (An0 ∪ B0, {0}), property (2) implies that f ∈ (K , {0}). To prove that (K , {0}) ⊆ U we consider an element g ∈
(K , {0}). Since g(∞) = 0, the continuity of g implies that there exists an integer n ∈ ω such that g(Vn) ⊆ {0}. Let i ∈ ω such
that n  n2i . Then, An2i ⊆ Vn and, therefore, g(An2i ∪ B2i) ⊆ {0}, that is, g ∈ (An2i ∪ B2i, {0}) and, by property (1), g ∈ U ,
which completes the proof of the theorem. 
Remark 1. We note that in the case, where Q (i, j) is the singleton {(i, j)} Theorem 1 becomes Theorem 6.5 of [2].
Corollary 1. Every COB-space is consonant and S-harmonic.
Theorem 2. Every zero-dimensional space which is locally compact at all its points except one at which the space has a countable base
is a COB-space.
Proof. Let Y be a space satisfying condition of the theorem and ∞ its unique point at which Y is not locally compact. It
is easy to verify that there exists a base {V j: j ∈ ω} for open subsets of Y at the point ∞ such that for every j ∈ ω the
following conditions are satisfying: (a) V0 = Y , (b) V j is closed, (c) V j+1 is a subset of V j , and (d) V j \ V j+1 is a non-empty
non-compact subset.
For every j ∈ ω the set V j \ V j+1 can be represented as a free union of its non-empty compact and simultaneously open
subsets Q (i, j) , where i ∈ ω. Obviously, the family of all compact and simultaneously open subsets of Q (i, j) compose a base
for the open subsets of the space Q (i, j) and
Vn =
(⋃
{Q (i, j): i ∈ ω and j  n}
)
∪ {∞}
for every n ∈ ω. One can see that Q (i, j) , Y , Vn , and Y0 = Y \ {∞} satisfy the deﬁnition of the COB-spaces. 
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: i ∈ ω
}
satisﬁes all conditions of Theorem 2 and, therefore, it is a COB-space.
Theorem 3. Every Hausdorff COB-space is Cˇech complete.
Proof. Let Y be a COB-space and let Q (i, j) , Y0, Vn and ∞ be the same as in the deﬁnition of the COB-spaces. It suﬃces to
construct a compactiﬁcation c(Y ) of Y such that the subspace Y ⊆ c(Y ) will be a Gδ-set in c(Y ).
For every (i, j) ∈ ω × ω, the space Q (i, j) is Hausdorff locally compact. Let c(Q (i, j)) coincide with Q (i, j) in the case
where Q (i, j) is compact and c(Q (i, j)) coincide with the one-point compactiﬁcation of Q (i, j) in the case where Q (i, j) is not
compact. It is supposed that the spaces c(Q (i, j)) are mutually disjoin. Let Y j = ⋃{c(Q (i, j)): i ∈ ω}, j ∈ ω. Obviously, Y j
is a Hausdorff locally compact non-compact space. Denote by c(Y j) the one-point compactiﬁcation of Y j and set c(Y ) =⋃{c(Y j): j ∈ ω} ∪ {∞}. On the set c(Y ) we consider a topology deﬁned as follows. A subset V of c(Y ) is open if: (α)
V ∩ c(Y j) is open in c(Y j), j ∈ ω, and (β) in the case where ∞ ∈ V we have
⋃{
c(Y j): j  n
}⊆ V
for some n ∈ ω. It is easy to see that c(Y ) is a compactiﬁcation of Y and that Y is a Gδ-set in c(Y ). 
Remark 2. We note that the consonance of COB-spaces (Corollary 1) follows also from Theorem 3 and the work of Dolecki
et al. [5].
Example 2. Suppose that in the construction of the space Y , the subspace Q (i, j) , (i, j) ∈ ω × ω, is a copy of the set of all
real numbers with the topology for which the family of all sets
[x,→) ≡ {y ∈ R: x y}
compose a base. Since the subsets [x,→) of Q (i, j) are simultaneously compact and open in Q (i, j) , the space Y is a COB-
space. Note that Y is not a zero-dimensional space (that is, there is no base of Y consisting of simultaneously open and
closed subsets).
Example 3. Let Y = ω ∪ {p} the subspace of the Stone-Cˇech-compactiﬁcation βω of ω, where p is not a P -point of βω
(see, for example, [3]). This space is not consonant and, therefore, it is not a COB-space. Also, the space ω ∪ {p} is not a




(A) Give examples of spaces Y and Z such that the greatest splitting topology is not the intersection of ﬁnite number of
admissible topologies on C(Y , Z)?
(B) Under what conditions on spaces Y and Z the greatest splitting topology on C(Y , Z) is the intersection of a ﬁnite
number of admissible topologies on C(Y , Z)?
Problem 2.
(A) Give examples of spaces Y and Z such that the compact-open topology is the greatest splitting topology and it is not
the intersection of ﬁnite number of admissible topologies on C(Y , Z)?
(B) Let Y and Z be spaces such that the compact-open topology coincides with the greatest splitting (that is Y is Z -
harmonic). Under what conditions on spaces Y and Z the compact-open topology on C(Y , Z) is the intersection of a
ﬁnite number of admissible topologies on C(Y , Z)?
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(A) Give examples of spaces Y and Z such that the Isbell topology is the greatest splitting topology and it is not the
intersection of ﬁnite number of admissible topologies on C(Y , Z)?
(B) Let Y and Z be spaces such that the Isbell topology coincides with the greatest splitting (that is Y is Z -concordant).
Under what conditions on spaces Y and Z the Isbell topology on C(Y , Z) is the intersection of a ﬁnite number of
admissible topologies on C(Y , Z)?
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